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Abstract 

We further study the correspondence between open semiclassical strings and long defect 
operators which is discussed in our previous work |hep-th/0410139l . We give an interpreta- 
tion of the spontaneous symmetry breaking of SO (6) — > 5'0(3)hX SO(3)y from the viewpoint 
of the Riemann surface by following the argument of Minahan. Then we use the concrete 
form of the resolvent for a single cut solution and compute the anomalous dimension of 
operators dual to an open pulsating string at three-loop level. In the string side we obtain 
the energy of the open pulsating string solution by semiclassical analysis. Both results agree 
at two-loop level but we find a three-loop discrepancy. 
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1 Introduction and Summary 



The AdS/CFT duality £Q implies the equality between the energies E of quantum string 
states (as functions of the effective string tension T = ^7 = 2 an( ^ <l uan t um numbers like 
S 5 angular momentum J 1 ) and the dimensions A of the corresponding local SYM operators. 
It is a non-trivial problem to check the relation E = A except 1/2 BPS operators which are 
dual to the supergravity states. 

For generic non-BPS states it has seemed to be difficult to check the duality before the 
celebrated work of Berenstein-Maldacena-Nastase (BMN) j2j, and then Gubser-Klebanov- 
Polyakov |3] and Frolov-Tseytlin ^j. This type of AdS/CFT duality at non-BPS regimes is 
investigated in each of subsectors of the full superconformal group PS77(2,2|4) . It is well 
known that the SU(2) 0, SL(2) [71l8l5ll6ll9] and SU (2\3) sectors [ID] as well as PSU{2, 2|4) [Hj 
are complete closed sectors, and 50(6) [HUE], an ^ SU(3) sector [THj are closed sectors at 
one-loop. In particular, the 577(2) sector is quite well considered and higher-loop contribu- 
tions are also well studied [T4lll5j . In this sector the full loop Bethe roots are proposed in [T3] 
and the result perturbatively computed in the SYM side is realized from the Bethe roots. 
The SYM result agrees with that in the string side at two-loop level, and the disagreement 
appears from three loops. 

The matching between string and SYM sides is also observed at the action level (coherent 
state method) as well as at Bethe roots and Bethe equations [T^]. The matching is initially 
shown by Kruczenski ^H] i n a one-loop analysis of the S77 (2) sector. The result is extended 
to the two-loop level in Refs. [T? | ll8 | nTJ]. The matching at the action level is investigated in 
other sectors such as SU{3) [SHHHJ, SL(2) [IBH2D], SO (6) and sectors \$MUM- 

The classical integrability of the (super)string on the AdSsxS 5 may also play a key role 
in this correspondence [2*2*]I23U24| . The matching of the spectra and the integrable structures 
between the string sigma models and the spin chains are confirmed up to and including the 
two-loop level in some cases |23] . 

The correspondence between open string theories and gauge theories are also studied in 
various setups. The correspondence for the near-BPS sectors are discussed in [2H1I2I1I2E] • 
For the case of the far-from-BPS sectors it is studied in |2THl3THl3*T| l32|. The open strings on 
giant gravitons are studied in [33J. 

In our work jH2] we have considered the defect conformal field theory (dCFT) by con- 
sidering the defect operators in the setup where the AdS4xS 2 brane (D5-brane) is inserted 
in the bulk AdSsxS 5 background |34] . In the dCFT we may consider the defect operators, 
i.e. the operators with defect fields belonging to the fundamental representation, instead 
of the trace operation. These operators correspond to the states of open string ending on 
the AdS4X S 2 -brane (D5-brane). The matrix of anomalous dimensions for defect operators 
consisting of SO (6) scalar fields is represented by an integrable open SO (6) spin chain pH] . 
DeWolfe and Mann obtained the complete defect BMN operators in the scalar sector and 
showed that those are reduced to the corresponding BMN operators obtained by Lee and 
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Park |2Zj when one takes the long operator limit. In [32] we have discussed the coherent 
state method in this setup. 

In this letter we further study the correspondence of the long defect operators and open 
string sigma model jH2] at three-loop level. We analyze the one-loop anomalous dimension 
in the 50(6) sector by Bethe ansatz techniques (dCFT side) by following the argument of 
Minahan [3H]. We give an interpretation of the spontaneous symmetry breaking, 5*0(6) — > 
S0(3)n x SO (3) v from the viewpoint of the Riemann-Hilbert problem in the thermodynamic 
limit. We concretely construct the resolvent for a single cut solution corresponding to an 
open pulsating string solution. We confirm that both Bethe ansatz techniques and coherent 
state method jH2] give the same one-loop anomalous dimension of the operator dual to the 
open pulsating string. In addition, two-loop and three-loop contributions to the resolvent 
are evaluated by using the knowledge for the Inozemtsev spin chain |14j . and the anomalous 
dimension is calculated at three- loop level. This is consistent with the closed string result, 
which is seen through the doubling trick. 

In the string side we obtain the energy of the open pulsating string including higher-loop 
corrections by following the solution ansatz [32]. We see the agreement between the dCFT 
and the open string side at two loops and a three-loop discrepancy. In addition we compute 
the period of the open pulsating string. We see that the doubling trick formula holds for the 
period too. 

This letter is organized as follows: In section 2, the one- loop anomalous dimension of 
the operator dual to the open pulsating string is analyzed. We give an interpretation of the 
spontaneous symmetry breaking, 50(6) — > 50(3)h x SO (3)y. We see that the anomalous 
dimension computed from the resolvent at one- loop level agrees with our previous result [32] • 
By extending the analysis the anomalous dimension at three-loop level is obtained. In section 
3, we compute the energy of open pulsating string and the frequency of the string at the 
order of (A/L 2 ) 6 . We find the three-loop discrepancy between dCFT and string side. 

After we completed the manuscript we received an interesting work j^O], where the issues 
related to our work are discussed. 

2 Anomalous Dimension of Long Defect Operators 

2.1 One-Loop Analysis and Symmetry Breaking 
In the dCFT [31] the dual defect operators for open strings are |3T|I32*] 

O = <••„,; <h,.* J ■ ■■X^q n . (2.1) 
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The one-loop anomalous dimension matrix Tq for (j2.1j) is obtained in the work of [3*T] 



-pbulk I -pdefect 

1 n t 1 c 



O — if) t- J- O 

16^2 E ^M+i + 7^ ( 2/ * + 2 ^i) + ( 2J ^ + 25 ^)J > ( 2 - 2 ) 
l=i 

H hl+1 = K lil+1 + 2I ljl+1 -2P l)l+1 . (2.3) 

The bulk part (the first term in (|2.2Jl ) is the same as the result of Minahan and Zarembo [TT] . 
The defect part (the second term in (|2.2|) ) is written in terms of 

IftJ = $J j Ijn = Sj^n j Sjn = -^IJK^nm > ^fiJ = ie IJKCr* n , (for 50(3) H ) ,„ ,x 

= ^ = , = SZ = S?8£ , (for 50(3) v ) 1 ' J 

and the others vanish. Here we should note that the bulk part has no periodicity, but the 
integrable boundary arising from the defect contribution ensures the integrability of the spin 
chain. 

From now on we will discuss the spontaneous symmetry breaking 50(6) — > SO (3)h x 
50(3)v due to the presence of an AdS 4 xS 2 -brane from the viewpoint of the Bethe equation 
and Riemann surface. By the standard argument the diagonalization problem of the anoma- 
lous dimension matrix (|2.1J) reduces to solving problem of the 50(6) open Bethe equations 



Uu + 1/2 \ _ yr Uu - Uij + I yr U U - U 2j - l/2 yr U U ~ U 3j - l/2 

uu -i/2) 4 ■} uu - uij -i±±u u - u 2j + i/2 H u u - u 3j + i/2 

x TT Uli + Uij + I -TT UU + U 2 j - 1/2 yr Uu + U 3 j - l/2 

1 A u u + uu - i H uu + u 2j + i/2 H u u + u 3j + i/2 ' 

^2 • ■ In n 2 • ■ /ri 

1 TT ^2i ~ U 2j + 2 j-r U 2 i ~ Uij ~ 1/2 yr U 2i + U 2j + Z yr M 2 » + "lj ~ ^ g , 

1 _ TT M 3i ~ U 3j + j yr U 3i - Uij - i/2 yr U 3i + U 3j + Z j-r U 3i + Ujj - z/2 

■7-A u 3i - - i **** u 3i - Uij + i/2 11 M + M _ i 11 w M + u + i/2 ' 

where rij(^i') i s a product over j except Ui + Uj = . Note that the above Bethe Eq. (J2.5I) 
describes an open string as a closed string with only a right-moving or left-moving mode 
through the doubling trick, and the energy of the open spin chain obtained from the Bethe 
Eq. ()2.5jl is twice of the anomalous dimension for an open string in the usual sense. This 
kind of treatment is needed to use the periodicity as in the case of closed strings. 

In general, in the case of open strings, one has to take into account of boundaries by 
including factors denoting reflections. However, we are interested in the open string case 
where we may rewrite an open string as a closed string with only one mode, not two by 
assuming the doubling trick. Namely, the analysis should be reduced to a periodic case. So 
we will set the reflection factors to be 1. In fact, in the analysis for BMN operators [SI] the 
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reflection factors become 1 and the presence of boundaries does not affect the anomalous 
dimensions. 

The anomalous dimension, which is half of the open spin chain energy E, is given by 



Following the argument in [HS] we impose the following four ansatz: 

• half filling condition 77,2 = = ni/2. 

• the Bethe root distributions of U2 and 113 are the same. 

• the u\ roots are on multiple cuts Ci, while the 112 and U3 are on a single cut C. 

• A root with flipped sign has also to be a root. 

Let us rescaling u = 2Lx and take the thermodynamic limit, L — > 00. In this limit the Bethe 
equations (|2.5|) - ()2.7| ) and the anomalous dimension (|2.8j) are reduced to integral forms 




(2.8) 



1 

- + 2n/7r 



x 








and 




(2.11) 



where ni labels the log branch. Here we have introduced the Bethe root densities 




(2.12) 



The root densities are constrained by a normalization condition: 




(2.13) 



where we have used the half-filling condition. 

By using Hilbert transformation with (|2.1()j) we obtain 



p(x) = — a)(x — a) -f — — ; 

HK) 2tt 2VI A J J a x-x' y /( x >-a)(x>-a) 




(2.14) 




(2.15) 



where we set the endpoints of C 



as a and its complex conjugate a. 
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We substitute fl2~T3J) into (l2~T3l . then 

I p{x)dx — j <j{x)dx — - / dxa{x) ~ (2-16) 

7c 2 ^ ic fc 4 ^ ic fe y/(x-a)(x- a) 

We see that the second term in the right hand side of (J2.16)) must vanish because of the 
consistency between ()2.16|) and f)2.13|) . This can be achieved by taking a limit 

Re a 

Ima -> oo and > 0. (2-17) 

Im a 

Since a and a are the endpoints of C, in the limit of (|2.17j) the cut C lies on the imaginary 
axis of x (C — »• «R). Hence the contour C splits the complex plane into two regions. In 
addition \J ^Z^^ rz^j becomes a sign function sign(:r, x'), which gives the +(— ) sign if x and 
x' are on the same (opposite) sides of C . From ()2.15|) we obtain, in this limit, 

dx>^ = Y j ! dx'^1, (2.18) 

a> x — x ' \ a , x — x 

° k' k 

where the sum over the index k' refers to cuts on the opposite side of C from x. 
By taking 1)2.18)1 into account, (J2.9)) is separated into two equations: 

- + 2nn l+ = 2-f ^Idx' + 2 V [ ^-dx\ x e C l+ (2.19) 
x Jr, x — x' J r , x — x' 

- + 27m/ = 2 f — K — L dx' + 2 > / ^—^dx' , x e d 2.20 

with the +(— ) specifying the Bethe roots on the right(left) hand side of C . Each side of the 
Bethe root distributions can be determined independently, and hence this system has two 
independent sets of roots. It is worthwhile noting that the absence of the cyclicity of trace 
in the defect operators O implies that two Bethe roots are completely independent, while for 
single trace operators they are indirectly correlated 



We give a physical interpretation of the limit (|2.17|) in terms of D-brane. In our setup 
the insertion of a D5-brane into a stack of D3-branes breaks the 50(6) R-symmetry down 
to SO(3)h x 50(3)v- Each of SO(3)n and SO (3)y should correspond to each side of Bethe 
roots and hence we identify the breaking of the R-symmetry with that of the complex plane. 
In this interpretation the diagonal R-symmetry breaking allows us to treat the two Bethe 
roots independently. We conclude that the limit ()2.17|) corresponds to the D5-brane insertion 
into the D3-branes. 

We also argue the limit ()2.17j) from the viewpoint of algebraic curves |HBllHllHnilHI| by 

introducing (i — 1 • • • 4): 

Pl (x) = G l (x)-G 3 (x) + ^, p 2 (x) = G 2 (x)-G 3 (x)-^-, (2.21) 

2x 2x 

p 3 (x) = G 3 (x) + ^, p 4 (x) = -G 2 (x) - ^, (2.22) 
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Figure 1: The branch cuts for the open 
pulsating solution 
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P4 



Figure 2: The removal of the cuts C . The 
cut C_ connects p^ and p±, while the cut 
C + does pi and 



with 



GAx) = V / dx'-^-, G 2 (x) = G 3 (x) = / dx'-^-. (2.23) 

Then the SO (6) open Bethe equations become 

fo( x )~ M x ) = x G C", 

A(x)- i> 2 (x) = 2nn l± x E C l± , (2.24) 

M x )~ M x ) = o x e C, 

where fa are the principal values on each of cuts: fa = \pi{x — e) + \pi{x + e). As the cut 
C lies on the imaginary axis of x, this situation is similar to the case of closed pulsating 
string [SB] [3H], where the branch cuts of C's and C± are drawn in Fig. ^ By removing 
the branch cuts C we obtain the Fig|21 where the two cuts C + and C_ are completely 
independent. This is consistent with the two completely independent equations (|2.19j) and 

It is useful to introduce resolvents for solving the integral equations. When we consider 
the S'0(3)h sector only, the resolvents should be set to 

G+ ( X ) = Y [ dx'-^-, G-(x) = Q. (2.25) 

X J Cu + X ~ X 



Then the integral equation (|2.19|) becomes 

G+(x + iO) + G + (x-iO) = - + 2nn u , x G C u . (2.26) 

x 

Let us consider the simplest solution, that is, a single cut solution. We set by 

G+(0) = irn+, (2.27) 
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then the resolvent is 



G+(x) = - -J(2im+x) 2 + 1 + 7rn+. (2.28) 

2x 2x 



We obtain the anomalous dimension from (j2.11|) 

This result completely agrees with the previous one in [32"] . 
2.2 Higher-Loop Analysis 

Let us discuss the defect part of the anomalous dimension. By symmetry argument the 
defect part of the anomalous dimension including higher-loop corrections has a similar flavor 
structure to the one-loop one: 

rr ct " lcft = + C12A 2 + c 13 a 3 + [wii - ie hJlK aL] 

+ (c 22 A 2 + C 23 A 3 + • • • ) *g [S?5* - ie hJ2 K<J« n ] 

+ • ■ ■ , (2.30) 

and similarly for r^fect-iight (jj ere «. . . » denotes the 50(3) v contribution and the contribu- 
tion from fermions, which are irrelevant to our consideration after taking the large L limit.) 
Hence we may expect that the boundary contributions would be absorbed into the bulk one 
in the coherent state method [H2] . This expectation implies that the reflection factors in the 
higher-loop open Bethe equations would be also set 1 when we consider only in the SO(3)u 
sector. 

It is straightforward to extend the analysis in the previous section to three-loop level by 
the above argument and following the argument in ^UEHj- Then the three-loop anomalous 
dimension is 

//i 37 1 10T 2 \ 

and the integral equation is 

1 2T 6T 2 f a(x') , ^ f a(x') 



x x 3 



+ ^L + 27mi+ =2-f ^l d x' + 2 y [ ^-dx', xeC l+ . (2.32) 
X s J r , x — x' ^— ' Jr, x — x' 

JCl + fc+(?%) fe + 



Here we have defined as T = — \ — -. Then we obtain the anomalous dimension at the 

64vr 2 L 2 

three-loop level 

n 2 X n 4 X 2 ^,, A , , 
1 = Til- 102415 + (2-33) 
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This is consistent with the closed spin chain result [33] through the doubling trick formula 
(« = (1 - a c ) 2 ) 

\nl(l - k) _ A 2 <(1 - «)(1 + 3k) \ 3 n 6 c (l - «)(1 + 3k)k" 
AL C 64Ll + 128L5 _ 

with L c = 2L, a c — 1 and n c = n. Hence the three-loop scaling dimension A of the operator 
dual to open pulsating string is 

A 1 n 2 X r? 4 A 2 

We note that the three-loop corrections vanish. In the next section we will evaluate the 
energy of the open pulsating string. 



1 /r X 1 

7 = 7:7ciosed(A) = - 



3 Semiclassical Energy for Open Pulsating String 

We shall compute the energy of an open pulsating string solution by using the semiclassical 
method employed in [T^j. We consider the action of an open string on i?xS 2 in terms of the 
spherical coordinates with AdSs time t , 

V\ f , f n da 
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J dr f Q V W + d « Q& * Q + sin2 dd a0d a (j)\ • (3.1) 



Here we have utilized the conformal gauge g a b = diag(— 1,1) with t = kt . The solution 
ansatz we are interested in is 

9 = 0( r ) , <j) = ma (m G Z) , (3.2) 

and it corresponds to the pulsating solution as we will see later 1 . Under this solution ansatz 
(13 .2|) . the only non-trivial equation of motion is 

<9 2 # + m 2 sin cos = 0. (3.3) 

The conformal gauge constraint is written as 

(d T 6) 2 + m 2 sin 2 6 = k 2 , (3.4) 

but it is equivalent to the e.o.m. ()3.3|) since the constraint ()3.4|) is re-derived by integrating 
()3.3j) and taking tv clS clll integration constant. 

Let us now introduce the action variable Iq with respect to 9 . The canonical momentum 
of 6 is Pq = (V~\/ (2iT))d T 9 , and Iq is defined as a contour integral as follows: 



m 2 



I e = <b d6P e = 2V\ / d0\ \ - — sin 2 ^. (3.5) 



K 2 



1 Strictly speaking, the boundary conditions are not satisfied, but those are satisfied in the L — > oo limit. 



s 



When L = I e /2 and E = VXk/2 are introduced, the energy density is given by 



L 1 r / m 2 A „„ 2 /m 2 A\ 



where we have introduced the complete elliptic integral of the second kind 

tt/2 



E(k) — / dcpyl-k sin 2 . 
Jo 

The equation (j3.6|) can be iteratively solved for E by using the Mathematica, and the energy 
density E/L is evaluated as 

E Am 2 A 2 m 4 A 3 m 6 



L 16L 2 1024L 4 16384L 6 

13A 4 m 8 17A 5 m 10 71A 6 m 12 7 

"4194304L 8 + 67108864L 10 ~ 4294967296L 12 + *• ^ ' 

The first order term in terms of A (or g) completely agrees with the energy of open pulsating 
string energy computed in terms of the Landau-Lifshitz type sigma model [22] • By replacing 
L by L/2 the closed pulsating string energy is recovered ^H]- The results in both open and 
closed cases are related through the doubling trick [2H]- We find a three- loop discrepancy 
when we compare ()2.34|) with (j3.7|) . 

The period of the open pulsating string solution Here we comment on the motion 
of the open pulsating string solution. The solution of ()3.3|) is 

sin = -sn (— t) (t = kt) , (3.8) 

where sn (^i) is one of Jacobi's elliptic function with the period: T = 4K Then the 

frequency of the motion of Eq. (|3.8J) is 



^4E 2 (X,L) 

m 2 A 3 m 4 A 2 5 m 6 A 3 



T 2K(-^) \ W) Jo Jl-m? shi 2 
1 - 



16 L 2 1024 L 4 16384 L 6 
91m 8 A 4 153 m 10 A 5 781 m 12 A 6 7 

+ 4194304L 8 ~ 67108864 L 10 + 4294967296 L 12 + *• ' 



Note that the doubling trick formula holds for the period of the motion by replacing L by 
L/2 19]. An alternative definition of the frequency, to = 2^ = -J^E(\,L) , also gives the 
same result. 
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